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Abstract 

We establish a construction of the bulk local operators in AdS by considering 
CFT at hnite energy scale. Without assuming any prior knowledge about the 
bulk, the normalizable solution to the bulk free held equation automatically 
appears in the held theory arguments. In the radial quantization formalism, 
we hnd a properly regularized version of our initial construction. Possible 
generalizations beyond pure AdS are also discussed. 
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1 Introduction 


The AdS/CFT correspondence [Il[2],[3] implies a duality between the quantum gravity 
in d + 1-dimensional anti-de Sitter space and the d-dimensional conformal held theory 
which is dehned on the boundary of AdS^+i. The AdS metric in the Poincare patch 
is given by 

ds^ = ^ (d^^ r]f,^dx^dx'') , (1) 

where the boundary is the d-dimensional hat space at z = 0. The relations between 
the boundary data of AdS and the CFT quantities have been well established in [3] 
by the held-operator correspondence. That is, the correlators of a conformal primary 
operator 0{x) in the CFT are reproduced by the asymptotical data of a bulk held 0 
near the boundary. However, the explicit CFT construction of the bulk local degree 
of freedoms (j){x, z) inside the AdS space are not well understood yet. The earlier 
attempts HEIE] suggested to reconstruct 0(a;, z) by propagating the bulk modes from 
the boundary to the bulk, and then [ZllH] showed that it is equivalent to the smearing 
operator construction. In this letter, we suggest a diherent construction based on 
almost purely CFT arguments. In Section 2.1, we establish the construction by 
considering CFT at hnite energy scale. The possible divergence and the prescription of 
regulator are discussed in Section 2.2. Then in Section 3, we hnd that our construction 
can get improved in the radial quantization formalism. We summarize our main 
results in Section 4, and a possible way of generalizing the construction beyond pure 
AdS is also proposed there. 

2 CFT construction of bulk local operators 

2.1 Renormalized primary at finite energy scale 

It has been pointed out qualitatively [Il[2ll3l[9] that the bulk radial direction z is 
related to the energy scale in the dual held theory. In order to reconstruct (j){x,z), 
the hrst candidate is to consider in CFT the renormalized primary operator 0{x, p) 
which is dehned at a hnite energy scale p. On the other hand, the behaviors of a 
primary operator under the conformal transformation have already been encoded in 
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its conformal family. Thus it is natural to expect, at least in the leading order, that 
the renormalization of the primary operator at a hnite energy scale will lead to a 
mixing between the primary operator and its descendants 


0(x, p.) = Z(p, d)O(x). 


( 2 ) 


For simplicity, we will only consider the scalar operator from now on. It is also natural 
to require that the renormalized primary operator recovers the Lorentz properties 
and the scaling dimension of the original primary. Then we hnd it can only be in the 
following form 


o(x, p) = z(^-^n)o{x). 


(3) 


Is it possible to £x the explicit form of Z(p by imposing certain renormaliza¬ 


tion condition? The idea is to give the word “primary” a renormalized meaning. In 
the usual CFT language, the dehnition of a primary operator is equivalent to require 
it transforms as a tensor under conformal transformations. We also notice that the 
renormalization scale p will transform non-trivially under conformal transformations. 
Thus a direct guess is that the proper renormalization condition should be the foil- 
wing: 

The renormalized primary transforms as a tensor under the generalized 
conformal transformations including the energy scale. 

To address the generalized conformal transformations including the energy scale, 
let us hrstly review the realization of conformal algebra on the x-space. Acting on 
the coordinates x^, the conformal generator can be expressed as following 



Do = -ix'^d^, 

K^o = -i(x^(9^ - 2xf,x''du). 


( 4 ) 


It implies the standard conformal algebra 


[P^, Pu]=0, Mp^] = i{r]ppM^^ rj^^Mpp - - rjp^M^p ), 

Pp\ Pp\ '^ixifipPu ^upKp) 1 

[P, Mpy] = 0 , [P, Kp\ = -iKp , [P, Pp\ = iPp , 
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(5) 


[K^, Ky\ = Q, [K^, P^] = - 2ir]^^D . 

To include the energy scalJ^. a straightforward way is to add ^ as well as 
|a-dependent coefficients into the realization (II]). For latter convenience, we dehne 
z = \l\x. and equivalently consider z instead. From the fact that the energy scale is 
Poincare invariant, we conclude that the forms of P^ and remain intact. The 
scaling dimension of energy scale is obviously 1, thus we can easily write down the 
following generalized form of dilatation D 

Do = -i{zdz + x^df,). ( 6 ) 

For the special conformal generator, the strategy is to take its most general ansatz 

Kf,o = -i - 2Xf,x'' + ff,''{z, x)] - ig^,{z, x)d^ (7) 

and then try to hnd the explicit form which satishes the conformal algebra. 

From [JF^, PJ = -2iM^^ - 2irj^^D, we get 

‘2r]f,uzd^ = -dyf/{z, x) dp - d^gp{z, x) . (8) 

It implies that 

fp'^iz, x) = 6''J{z) , gp{z, x) = -2xpZ . ( 9 ) 

From [D, Kp] = —iKp, we further get 

f{z) = az‘^, (10) 

where a is an arbitrary constant. Finally, we can check that the above results satisfy 
[Kp, Ky] = 0. In conclusion, we have 

PpO = -idp , 

'\{X pdy Xydp) , 

Do = -\{zd^ + x^dp ), 

KpO = -i [{x^ + az^)dp - 2xpXPdp - 2xpzd^] . (11) 

In fact, this is exactly the isometry generator of the AdS space when a > 0 and 
it suggests to identify ^/az here with the standard AdS radial coordinate. We also 
^^For different approaches of introducing the finite energy scale, see miiig. 
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notice that it corresponds to dS^+i when a is negative, bnt we will only concentrate 
on the AdS case in this paper. 

Given the generalized conformal transformation inclnding the energy scale flTT]) . 
we can try to decide the form of Z(z^n) by onr renormalization condition on primary. 
For a scalar in the {x, z} space, we can expand it by powers of 2 ; 

00 

$(z,x) = . (12) 

n=0 

The scalar transformation rnle 


<h(5, x) = x) 


( 13 ) 


implies that the terms appeared in the power expansion shonld transform as following 

[P^, $„(x)] =i9/,$n(x) 

<Fn(a))] = i{Xf,d^ - 
[P, <hn(x)] = i(A + n + 

[Kf,, $o(a;)] = - 2x^x''d^ - 2x^A]<l>o(x), 

[K^, ^i{x)]=i[x^df, - 2x^x''dy - 2x^(A + l)]$i(x), 

[JF^, <Fn(x)] = ia5^<h„_2(x) + i[x^d^ - 2x^,x''dy - 2x^(A + n)]$„(x) (n > 1).(14) 

Now the task is to construct by the primary O and it scalar descendents 

From the conformal transformation rules of the primary we can deduce that 


[P,,U^O{x)]=id^U^O{x), 

[M^,, u^o{x)] = [i{x^d, - x,d^) + n^o{x ), 

[P, n^O{x)] = i(A + 2n + x>^d^,)U^O{x ), 

[JF^, 0{x)] = [i{x^df, - 2xf,x''du - 2x^A) - 2x''T,^^'^]0{x ), 

[K^, n^O{x)] =2n[d- 2(A + n)] i d^n^-^0{x) - AnEfJd''n^-^0{x) 

+ [i{x‘^dfj_ — 2x^x^dp — 2x^(A + 2n)) — □”P(x) (n > 1). (15) 


Comparing with flTT)) . it implies the unique identihcation 

(-l)^a"F(A - f + 1) 


$ 


2n+l 


= 0 , <F2„ = 


u^o. 


(16) 


4"n!F(A - f + n + 1) 

In conclusion, up to an overall constant, our arguments show that the renormalized 
primary at energy scale p = 1/z is given by 

P(x, ^) = Z{z^U)0{x) = oPi (; A - f + 1; 0{x ), (17) 
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and z^O{x, z) corresponds to a bulk scalar field (j){x, z). In the a = 0 limit, it actually 
comes back to the usual language of CFT. 

We notice that Z{z‘^\Ji) obtained in flTTI) is nothing but the Fourier transforma¬ 
tion of the normalizable modes of the solution to the bulk free field equation. This 
construction is different from the one suggested in [H 0 El m E] • The approach there 
encountered only the bulk normalizable modes with = k^ — < 0 and thus it 

can not be generalized to the Euclidean AdS case. Instead, our construction encoun¬ 
ters all the bulk normalizable modes since it is the honest Fourier transformation. 
Obviously, flTTll is applicable for both signatures. 


2.2 Two point correlators: the divergent regime and the reg¬ 
ulator 


As a consistency check, let us use flTTl) to recover the well-known bulk-boundary 
propagator. We find 


{0{z,x)0{x’)) 


(x — “ 

^ ' n=0 


i + l-,-!!f-n)o(x)0(x')) 

A(A -I- 1) ■ ■ ■ (A -I- n — 1) / —az^ 
n\ \(x —x')^ 


.(18) 


In the regime |x — x'p > the series is convergent and gives rise to the expected 
form of the bulk-boundary propagator 


A(x, x') 


az"^ -f (x — x'Y 


( 19 ) 


However, in the regime |x — x'p < az^, the series flTH]) is divergent. In fact, this 
result is not surprising. The Z{z'^\3) given in flTTj) is just the normalizable modes of 
the bulk solution, while the Fourier transformation of flT^ is a linear combination 
of the normalizable modes and the non-normalizable modes in which regulate the 
divergence of fITS]) . 

In order to understand the above issue better, let us recall a simple fact in field 
theory. That is, the correlation function for composite operators always have zero¬ 
th order UV divergence due to its composite natural. For example, consider the 
composite operator O =: :• The two point correlator {OO) receives zero-th 
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order UV divergence from the following loop diagram even in the free theory. 


k 



p—k 


In the coordinate space, the corresponding divergence takes the following form 

( 20 ) 

where p is the renormalization scale and A is the cnt off scale. This divergence can not 
be canceled by any local counterterm in the original action. Instead, we need to define 
the regularized two point function directly and remove it by hand. Or equivalently 
speaking, we need to add a local counterterm in the free energy W[J] 

^WlJ] ^ ^ ^ _ J J _ x')J{x)J{x '), 

where c{x — x') = c(A, p, — x'). In principle, after the cancellation of the 

divergent part, a possible remnant term in the form i?(p, — x') would still be 

there, and its explicit form depends on the prescription of the regularization. 

We notice that the non-normalizable modes of flT^ in the coordinate space is given 
by 

(; f - A + 1; ~d\ S\x - x') . (21) 

It is right in the form of i?(p, — x') appeared above. This fact suggests that 

one can understand it as the possible remnant term. The only special point is that 
there is a inhnite order derivative operator acting on 5'^{x — x'). Thus it is no longer a 
local function but a quasi-local term which is identically vanishing in the outer region 
\x — x'\^ > az^. Adding such a term does not affect the result flT^ in the region 
\x — x'^^ > az'^, and is possible to cancel the divergence in the region \x — x'\^ < az^. 
If we take the continuity at \x — x'\^ = az"^ as the prescription of the regularization of 
the two point function, it will pick the correct ratio between the normalizable modes 
and the non-normalizable modes, then recovers (IT^ everywhere. This prescription 
is equivalent to the momentum space IR regularity condition used in the literatures 
ra- Since it is natural to expect that effective operators defined at finite energy 
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scale have some ambiguity in probing the distance shorter than its typical scale, the 
dependence on the prescription of regularization above are actually acceptable. 


One can also check that the bulk-bulk propagator can be recovered by computing 


z^z'^ {0(z,x)0(z',x')) . 


( 22 ) 


Again, there is a divergent regime at short distance. If the continuity prescription is 
imposed, it implies that one should take the following regulator 



d-A A 


□ - x') (23) 


where zm = max{z, z'} and Zm = min{z, z'}. 

3 Radial quantization 

3.1 Radial quantization in CFT 

In Section 2, we have constructed the bulk local operator and also explained its 
divergent regime with the regularization prescription there. However, the present 
formula is not convenient in discussing the bulk physics since the regulator should 
always be added by hand. It will be pretty nice if one can hnd a smart formula in 
which the regulator has been automatically built in. To achieve such a formula, let 
us discuss the radial quantization in usual CFT language hrstly. 

The radial quantization for CFT was detailedly reviewed in [H]. We will equiv¬ 
alently re-express the results there by introducing the radial expansion for the oper¬ 
ators. Again, we will just consider scalar primary here. The radial expansion of a 
scalar primary operator 0{x) is given by 



OO OO 




(24) 


where x is the inversion of x 


x^ = I o x^ = 


X 


In an unitary theory, its Hermitian conjugation is induced by the inversion 
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( 25 ) 







(- 1 )’ 


n\ 


°° t _ 1 \m 

X- ... . (26) 


m\ 


72=0 772=0 

In terms of the component operators, it is given by 




"I^n 


(27) 


The vacuum |1) is dehned by 


O„-.„|l)=0, (l|O„.-„„=0. 


(28) 


It is equivalent to requiring that the state 0{x)\l) and all its descendants are regular 
at x = 0, while the conjugated state {l\0{x) and all its descendants are also regular 
at x = 0. One can check that the vacuum |1) dehned in fl28|) is actually conformal 
invariant. The conformal transformation rules of the component operators can be 
deduced from the standard rules for primary 0{x). We hnd 


[Pfii , 

[Pfil ^ 1 ^ 1 ...l/n] ^ \n{n 2?7-(A + 77. 5 

= in \v^^{lylOu2■■■Un)u ~ 1 

= i(A + , 

[D, = -i(A + , 

i [m{m - - 2m(A + m- , 


(29) 


Given the input data 


{ 0 '{ 0 )\ 0 { 0 )) = (l|0(,0o|l) = Gcvo , (30) 

one can decide the inner product between the states • • •9^^C>(0)) = by 

using fl2^ and the conformal invariance of the vacuum. The result is 


(1|0' 


— Sm/n.Cl 


LfJ 


mn'^O'O 


(_l)77-fc 2 ^ (n!)2 r(A + n-k) 


^ {n-2k)\k\{2\y^T{A) 

aGi . . . Xf^n — 2k 

{u-^ ^l'n — 2k —2fc + l ^n —2fe+2 f^n—l^r 


)V 


/^ri —2fc + l/^n —2/c + 2 . . . ^/^n —Ip-n) 


,(31) 
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Now we can reproduce the well-known two point correlator by the “silly” computation 


{1\0{x)0'{x')\1) = Y,Y1 


1 


ml ni 


m=0 n=0 

CO oo 

= Co'o Y 

h =0 k =0 




(i|o 


o'Ji) 


Ml ‘"Mm 


(l)^i+fc 2^ r(A + n + k){x- x'fx‘ 


/ 2 k 


h\k\T{A) 


^2{A+h+k) 


(32) 


The convergence of the series requires that |x| > \x'\ 


#2 


It means that the usual CFT 


correlator is reproduced by the radial ordered function {\\iZ0{x)0'{x')\l). In the 
radial quantization where the dilatation operator D is treated as the Hamiltonian, 
the radial ordered function is the natural analogy of the time ordered function in the 
usual quantum held theory. 


3.2 Radial quantization at finite energy scale 


Now let us consider the CFT radial quantization in the presence of the hnite energy 
scale p. A direct idea is acting the in flT7|) onto the radial expansion flMj) . 

We get 




OlZ‘ 

4 




X] 


oo oo 


hsh;2“H.!r(A-f + fc+i) 

OO oo 


=w 


Ml‘"Mfc 


{-az^yr{A-l + l) 

^^2^'i!.!r(A-f + ; + i) 


EE 


iFo (A -|- 2/ -|- s;; — 


az^ 

x-2 


X 


1^1 


■ X 


_ r) Mr-'W 

^ 2 (A+ 2 i+s)^W-W 


We notice that when IxP > az"^ 


^ 2 ( ^-|-2 /S ) 


Fq ( a -|- 2/ s; ; — 


CLZ 

-2 


-f- ’ 


(34) 


and it is divergent in the regime \xy < az^. The structure of the divergent regime 
is quite similar to what we have seen in Section 2. Thus it is natural to expect the 
following as the regularized radial expansion at hnite energy scale 


0 {x, z) = Y 

11 LI 


m=0 


+ E 


X 


121 


■ X 


-O,. 


^ n! (x2 + az2)A+n 

72=0 ^ ' 


(i) (36) 


Strictly speaking, the convergence argument is accurate only for the Euclidean case. For the 
Lorentzian case, proper analytical continuations are needed as what usually happened in the quan¬ 
tum held theory computations. 


.(33) 
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where the component operator at hnite energy scale are linear combinations of the 
original ones 

Q (z)=^ (-a^^)^r(A - ^ + l) 


^22fcfc!r(A-f+ fc + l) 




fc =0 

oo 


Q 1 _ L _V_2_J_ )_Q vx-Vk 




^^22‘«r(A-| + A^+l) 

and the inversion of x and 2 ; in the generalized scene are given by 


= Xo = 


X'' 


+ az^ ’ 

Correspondingly, the inversion of 0{x, z) is 

1 


z = X o z = 


x^ + az^ 


(5(x, z) = 


(x^ + «2;2)A 


0(x; z) 


V—^ 1 > V—^ 1 


IIA (^') 


—^ m! 

o—n V / 


(36) 


(37) 


(38) 


n=0 m=0 

From (|27|) . we can see that the Hermitian conjugation relation keeps intact at hnite 
energy scale 


0\x,z) = d{-x,z). 


(39) 


Simply by using fl29l) . one can write down the conformal transformation rule for 
the component helds at hnite energy scale directly as following 

[P|k,Ofxx■■■^xrr.iz)] = i az‘^d^,...^^fx{z) +m{m - l)Vi|kx|k 20 |x^■■■^x^)^x{z) 

- 2m(A + m - 1 + zd,)r]f,(^^,0^^...fx^){z) , 

Ofxx...llrni^)] ~ ) 

[M 1112 , Ofxx... lira i^)] ~ \Vlliux^I22---Um)l2{,z) ~ '^1/(1^! Oyj ■ ■ (^) ] 5 

[D, Ofxx...,im (^)] = i(A + m + zd,)Ofxx...k^^ (^) > 

[D, Ofxx...^!^ (^)] = -i(A + m + z^^)^fxx...^l^ {z ), 


[K,,0,,...,^{z)]=\ 


az^O 


^ll■■■^lrr.^l{z) + - l)y]i^lx^l20^lxx■■■^x^)^l{z) 


- 2m(A + m - 1 + 
(z)] — i (^). 


(40) 
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Similar to the arguments in Section 2.1, we can show that a bulk scalar held <l>(x, z) 
expanded as 


<h(x, z) = • • • x^"**!* 

m! 


/^1 ■ ■ 'l-^m 


w+E 


oo 



(41) 


n=0 


indeed requires the transformation rules fl40l) for its components. Thus, the regular¬ 
ized version fl3^ of primary at hnite energy scale satishes our basic renormalization 
condition for primary operators. 

Parallel with (l32|) . the standard bulk-boundary as well as bulk-bulk propagator 


can be reproduced by computing the radial ordered function (1|7^ z)0\x', -^011)- 


In our present case where energy scales are introduced, the radial order is dehned by 
x^ + az"^. Providing this radial order, there is no ambiguity everywhere in reproducing 
the bulk-boundary and bulk-bulk propagator. Therefore, fl3^ is indeed the smart 
formula which we are looking for. 

Since our construction directly comes back to the standard CFT language in the 
a —?■ 0 limit, it is possible that (l35l) will not suffer from the problem about bulk 
locality appeared in the smearing operator construction [12]. In order to address it 
properly, one should generalize the standard results about OPE to the cases with 
hnite energy scales. We hope to report on this issue in a future work. 

The formula fl35l) also suggests that one could dehne the hnite energy scale ehective 
Hilbert space 1-1^ by acting 0^^...^^{z) on the vacuum |1). An interesting observation 
is that l-iz actually contains less information than the UV Hilbert space "H = 'Hz=o- 
For example, considering the scalar sector, one can construct the following state 



(42) 


where we denote On(z) = It is a well dehned state in T-L since the 

norm is hnite 



(43) 


The inner product between the state |A) and the states in Hz are given by 



( 44 ) 
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Since the o-^i function has inhnite number of zeros, the inner product will be zero 
for inhnite many A’s providing z ^ 0. Therefore, there are inhnite number of states 
in 'H perpendicular to the hnite energy scale ehective Hilbert space 'Hz^o- Although 
this observation is something one could expect for ehective descriptions at hnite en¬ 
ergy scale, it may has some possible advantages in discussing the c-theorem and the 
entanglement entropy. 

4 Discussions 

In the previous sections, we suggest a CFT construction of the bulk local operators 
in pure AdS space. The construction is base on considering CFT at hnite energy 
scale. The basic result is that bulk operator is given by the acting an inhnite order 
diherent operator Zxfis{\i.,d) onto the original CFT primary. Although we do not 
assume any knowledge about the bulk in prior, our arguments automatically show 
that ZAds(M-; d) should be the Fourier transformation of the normalizable solution to 
the bulk free held equation. We also discuss the relation between the regulator of the 
two point function and the non-normalizable modes. In Section 3, based on the radial 
quantization in CFT, we hnd an improved formula of our construction in which the 
regulator is automatically built in. 

The next challenge is how to generalize our construction to geometries beyond pure 
AdS. A naive guess is that the bulk local operator is also ehectively given by acting 
the inhnite order diherent operator ZGeom(M-, which is the Fourier transformation 
of the bulk normalizable modes in the corresponding geometry, onto the original CFT 
primary. On the hand, our CFT arguments in Section 2.1 seems state independent. 
Thus, it suggests that the bulk local operator should always be given by ZAds(M-, <9) 
for all asymptotic AdS geometries which are basically very heavy excited states in the 
CFT. We conjecture that this two possibilities are actually complementary to each 
other. The explicit proposal [13] for the underlying mechanism can be summarized 
as the following: 

Bulk geometries are actually dual to the coherent states |Geom) = F(T^,y)|l) 
which is created by acting certain function F{T^y) of stress tensor and its descendants 
on the vacuum |1). The bulk correlators of the dual held (f>{x,z) can be reproduced 
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by computing 

(GeomI ■ • • ZAds(b, d)0{x) ■ ■ ■ |Geom) = (l|Ft(T^,) • ■ ■ ZAds(^, d)0{x) ■ ■ ■ F{T,,)\1). 

On the other hand, by using the local conformal Ward identity [Ml [Ml [16], one may 
convert (at least in the two dimensional GFT) the effects of F{T^u) to a differential 
operator F[F] acting on the operator Zx^'^{\i,d)0{x) as following 

(l|Ft(T^,)... ZAds(h, d)0{x) ■ ■ ■ F{T^,)\l) = (1| ■ ■ ■ ^[F]ZAds(h, d)0{x) • ■ ■ |1). 

The new differential operator ^[F]ZAds(M-, *9) is expected to be exactly the ZGeom(M-; 
of the corresponding geometry. For the black hole geometry, the horizon is the position 
where the series in ZGeom(M-, d) becomes ill-dehned. However, everything could be still 
well dehned after coming back to the |Geom) description and one can explore the black 
hole interior in this formalism. 

Finally, it is also possible that multiple states with different give rise to 

same differential operator ZGeom(h, <9). Thus it could be a dual GFT way to explain 
the entropy of AdS black hole. If indeed so, it means that all the black hole microstates 
should correspond exactly to the same geometry, and thus one do not need to take 
any average over different micro-geometries. This picture seems different from what 
people usually expected for quantum gravity, and may offer new possibilities to the 
discussions of the black hole hrewall problem [ni[l8]. 

As this work was drawing to conclusion. Ref. [19] appeared with results which 
partially overlap with Section 2.1 in this manuscript. We also realized that the two 
dimensional version of their results have already appeared in Ref. [20] • 
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